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Abstract We provide some properties of the resistance-distance and the Kirchhoff
index of a connected (molecular) graph, especially those related to its normalized
Laplacian eigenvalues.
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1 Introduction

Klein and Randié [1] introduced in 1993 the resistance-distance as a novel graphical
distance. They used concepts from the theory of resistive electrical networks (the Ohm
and Kirchhoff laws) [2,3] and the theory of graphs [4]. A merging of concepts from
these two theories [5] was achieved by viewing an electrical network as a connected
graph, such that vertices of the graph correspond to junctions in the electrical network
and the edges of the graph to unit resistors of one ohm. Then the resistance-distance
defined as the effective resistance between pairs of vertices is a graphical distance.
The concept of the effective resistance has been discussed already in 1949 for another
purpose by Foster [6] as recently (2004) pointed out by Palacios [7].

Let G be a simple connected (molecular) graph with the vertex set V(G) =
{vi,v2,...,v,}. Let r;; be the resistance-distance between vertices v; and v; in G.
The Kirchhoff index of the graph G is defined as [1,8]
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Kf(G) = > ryj.

i<j

Mathematical, computational properties and the range of applicability of the
Kirchhoff index are discussed by a number of authors [1,8-17].

Let G be a connected graph with n > 2 vertices. For v; € V(G), TI'(v;) denotes
the set of its (first) neighbors in G and the degree of v; is d; = |I'(v;)|. Let D(G) =
diag(dy, da, ..., dy). The adjacency matrix A(G) of G is an n x n matrix (a;;) such
that a;; = 1 if the vertices v; and v; are adjacent and O otherwise [18]. The ordi-
nary (combinatorial) Laplacian matrix of G is L(G) = D(G) — A(G) [18-20].
The normalized Laplacian matrix of G is L(G) = D_I/ZL(G)D_1/2, where D° =
diag (dl‘ , d‘ZY, A d,i) D = D(G) [21]. The ordinary and normalized Laplacian eigen-
values of G are the eigenvalues of L(G) and L(G), respectively.

Let A1, A2, ..., A, be the ordinary Laplacian eigenvalues and 11, (2, ..., U, the
normalized Laplacian eigenvalues of G, arranged in a non-increasing order. Then
Mi—1 > Ay = 0and p,—1 > u, = 0. Zhu et al. [10], Gutman and Mohar [11] and
Mohar et al. [22] proved that

n—1

1
Kf(G) = —,
(G) ”;Ak

and discussed the relationship between the Wiener index and the Kirchhhof index.
Recently, Chen and Zhang [16] introduced a quantity Kf*(G), which is defined as:

Kf*(G) = Zdirijdjv

i<j
and showed that
n—1

Kf*(G) =2m Z

k=1

1
ik

where m is the number of edges of G.

We present in this report several properties of the resistance-distance and the
Kirchhoff index of a connected (molecular) graph, especially those related to its nor-
malized Laplacian eigenvalues.

2 Properties of the resistance-distance and the Kirchhoff index
Let CT denotes the transpose of the vector or matrix C. Let I be the identity matrix

of appropriate dimension. Let z;, 75, . . ., Z, be the orthonormal eigenvectors of L(G)
corresponding to (41, 12, - . ., iy, respectively. Let Z = (z1, Z2, . .. , Zy) .
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Lemma 1 [9,16] Let G be a connected (molecular) graph with n > 2 vertices. Then

S w ’
i J
o M\ Vdi /dj
where 7; = (zil,ziz,...,zin)Tfori =1,2,...,n

Proposition 2 Let G be a connected (molecular) graph with n > 2 vertices, maximal
vertex degree A and minimal vertex degree §, and let o be any real number. Then

n n—1
a—1 o 1 .
A .Zldi kzl i ifa>1
D dimijdf < o )
i<j 5“12d“2—sza<1
i=1 k=1

with equality if and only if « = 1 or G is regular.

2
Proof By Lemma 1, rjj = 'k’;ll t (3—% - \Z/"(’i_) and then
! J

1 n o n - - 2
Uy g9 — oL gAY Lki o Zkj a
izq;d, i"z]dj 2;;% rljdj lZ]:]Z:‘ Z (\/E \/dj) dj

nl

- _1 _1
XZZ((Z"‘ L2 e — 2 g d zzk,-)

i=1 j=I
1 n—1 1 n n n n
_ - o a—1_2 o a—1_2
=32 | 2 2T 2 A D A
k=1 j=l1 i=1 i=1 j=1

_Z(Zd éz) Zd o
n—1

n 2
-3 | Za g (Tat)
i=1 j=1 i=1
n—1 1 n n
S LS esad,
k=1 i=l j=1

IA

Note that >7_;zf; =1 Thus X, d¥rijd? <A*'SUZ1-LST_ | de
Zj_lzk] AT a? Z_ll a0 ifa > 1, and similarly, 37, _; d'ri;d <
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SO SR A S S ey = 80T S df S C L if @ < 1. This

_1

proves (1). Suppose that equality holds in (1). Then Z;’:ld? 27k = 0 for k =
1 a\T

2

_1 _1
1,2,...,n—1,ie, 2T (df‘ 2dy ..., d, =0. Since Z is an orthogonal

1 1 1 12 12
. R -1\ . . d d
matrix, then (d‘lx 2, dg 2., df; 2) is a multiple of zZ = (

12 __
(2m)1/2 ’ (2,,,)1/2 LA

172
(z‘fzw , where m is the number of edges of G. Thus d‘f‘_l = dzo‘_1 =...= d,‘j‘_l,
which is obviously equivalent to o = lor G is regular. Conversely, (1) is an equality
if o = lor G is regular. O

Setting & = 0 in Proposition 2, we have Kf(G) = >, _;rij <% zk,l with
equality if and only if G is regular. This may also be deduced by a connection between
the ordinary Laplacian and normalized Laplacian eigenvalues, which, from the matrix
theory point of view, seems to be known, however, we give a proof here. We need

. T T
a result from [23]: or = N min XX}\;[(" and o = max XX}\;[(", where

P1, P2, - .., pp are the eigenvalues of the n x n symmetric real matrix M arranged
in non-increasing order, wi, wa, ..., W, are the orthonormal eigenvectors of M cor-
responding to o1, P2, ..., pn, respectively, xLw means x’ w = 0 for vectors x and
w, and X may be any nonzero real vector if k = 1 in the second equation. Let tr(B) be
the trace of the square matrix B.

Lemma 3 Let G be a connected (molecular) graph with n > 2 vertices, maximal
vertex degree A and minimal vertex degree §. Then fork =1,2,...,n — 1, we have
%" < ui < AS—" with left (right) equalities for allk = 1,2, ...,n — 1 ifand only if G
is regular.

Proof Let yi,y2,...,Y¥n be the orthonormal eigenvectors of L(G) corresponding
to A1, A2, ..., Ay, respectively. Obviously, yi, y2, - .., Y, D_l/2zk, D_l/zzkH, el
DV 2z,, are linearly dependent and then there are real numbers ay, as, ..., ak, b,
bk41, . .., by, not all zero, such that Zk_l aryi + > _ i (=b;) (D7'2z;) = 0, and
then X = Zleaiyi = D_l/zz bjzj #0, Dl/zx #0, XLyrt1, Yet2,---» ¥
and D'/2% 12,2y, ..., 2. Thus

X'L@G)x _ (D'2%%)" LG)®'%) _ " [D'2LG)D'*]%

Mk = ax T = T - T XT(DI2D1/2) %
xLzlx,;é.(,)zk,l x!'x (D1/2%)" (D1/2%) xT (D1/2D1/2) x
'L(G)x  'LG)x 1 . x'L(G)x A

=7z = = = min _— = —
x'Dx AXTX A xlyier,...yn XX A
x#0

Similarly, since Y, Yk+1,---, Yn, D12z, D V2g,, ..., D_l/zzk are linearly

dependent, there are real numbers ¢k, ck+1, - - -, ¢n, [1, [2, - . ., [y, notall zero, such that
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n k

X = >y = Dfl/ZZZij #= 0, D!/2% # 0, XLy, y2,...,¥i-1,
i=k j=1

D]/ZPA(J_Z/{_H, Zi42, - - - » Zn, and then

KLGx _ (07 'LGO®%

Mk =  min < - ~
X1zpi1,.2y x'x (DI/ZX)T(DI/ZX)
x#0
_ £TL(G)% < 1TL(G)% <1 max xTL(G)x —
x'Dx — 5&kIx — 4 XLV 1o Vet x'x 5
x#0

IfGis regularthen 2=y = " forany k. Suppose that iy = " forallk=1,2,.

n — 1. Then for Y = (y1, Y2, ..., yn) ,we have YYL(G)Y = dlag(kl, Aoyl n) =
Adiag(ui, w2, ..., n) = AZTL(G)Z and thus L(G)=AYZ" L(G)ZY" , from which

n
we have > di=tr (L(G)) =Atr (YZ'L(G)ZYT) =Atr (L(G)ZYTYZ") = A -
i=1
tr (L(G)) = nA, implying that G is regular of degree A. Similarly, if u; = %"
forallk =1,2,...,n — 1, then G is regular of degree §. O

Proposition 4 Let G be a connected (molecular) graph with n > 2 vertices, maximal
vertex degree A and minimal vertex degree §. Then

n n—1 1 n n—1 1
~— 2. —=K(G=-) — )
A k; Mk 4 8 k; Mk
with either equality if and only if G is regular.
Proof By Lemma 3, - N ! 1 <> ! /\lk <3 LS ! ul with either equality if
and only if G is regular. Thus (2) follows and either equahty in (2) holds if and only
if G is regular. O

Evidently, (2) may be written as . (G) < Kf(G) < 5=Kf*(G), where m

is the number of edges of G. Since 5, < (& + %)2 , we have the upper bound in
[16]: KF(G) < (£ + &)  Kf*(G).

The diameter of aconnected graph G, diam(G), is the maximum distance between
any two vertices of G. For a connected graph G with n > 2 vertices, since L(G) =
I — D~ /2A(G)D~!/2, the number of distinct normalized Laplacian eigenvalues is
equal to the number of distinct eigenvalues of the matrix D~!/?A(G)D~!/2, which is
at least diam(G) + 1 by straightforward modification of the adjacent argument (Theo-
rem 3.13 in Ref. [24]). Let K, 5 be the complete bipartite graph with two partite sets
having a and b vertices, respectively.

Proposition 5 Let G be a connected (molecular) bipartite graph with n > 2 vertices
and m edges. Then

Kf*(G) > 2n —3)m 3)

with equality if and only if G = K,y for 1 <r < L%J
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Proof 1Tt is true for n = 2. Suppose that n > 3. Since G is bipartite, we have ] =2
(see p. 7, [21]). Recall that Z:’;ll ui = n. By the Cauchy-Schwarz inequality,

— >

.= n—1 " 5 _ n—2
i i Zi:Z Wi 1221

"i 1l -2 m—-27%

and then
1
Kf*(G) =2m| —+ > — )= @n—3m
el
with equality if and only if u, = --- = w,—1 = 1. Thus equality holds in (3) if and
only if 2 < diam(G) + 1 < 3, i.e., diam(G) = 2. So the result follows. |

By Propositions 4 and 5, we have:

Proposition 6 Let G be a connected (molecular) bipartite graph with n > 2 vertices
and maximum vertex degree A. Then

n(2n —3)

KAG) = ——

with equality if and only if G = K

1=

non,
2°2
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