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Received: 27 March 2008 / Accepted: 28 August 2008 / Published online: 19 September 2008
© Springer Science+Business Media, LLC 2008

Abstract We provide some properties of the resistance-distance and the Kirchhoff
index of a connected (molecular) graph, especially those related to its normalized
Laplacian eigenvalues.
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1 Introduction

Klein and Randić [1] introduced in 1993 the resistance-distance as a novel graphical
distance. They used concepts from the theory of resistive electrical networks (the Ohm
and Kirchhoff laws) [2,3] and the theory of graphs [4]. A merging of concepts from
these two theories [5] was achieved by viewing an electrical network as a connected
graph, such that vertices of the graph correspond to junctions in the electrical network
and the edges of the graph to unit resistors of one ohm. Then the resistance-distance
defined as the effective resistance between pairs of vertices is a graphical distance.
The concept of the effective resistance has been discussed already in 1949 for another
purpose by Foster [6] as recently (2004) pointed out by Palacios [7].

Let G be a simple connected (molecular) graph with the vertex set V (G) =
{v1, v2, . . . , vn} . Let ri j be the resistance-distance between vertices vi and v j in G.

The Kirchhoff index of the graph G is defined as [1,8]
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Kf(G) =
∑

i< j

ri j .

Mathematical, computational properties and the range of applicability of the
Kirchhoff index are discussed by a number of authors [1,8–17].

Let G be a connected graph with n ≥ 2 vertices. For vi ∈ V (G), �(vi ) denotes
the set of its (first) neighbors in G and the degree of vi is di = |�(vi )| . Let D(G) =
diag(d1, d2, . . . , dn). The adjacency matrix A(G) of G is an n × n matrix (ai j ) such
that ai j = 1 if the vertices vi and v j are adjacent and 0 otherwise [18]. The ordi-
nary (combinatorial) Laplacian matrix of G is L(G) = D(G) − A(G) [18–20].
The normalized Laplacian matrix of G is L(G) = D−1/2L(G)D−1/2, where Ds =
diag

(
ds

1, ds
2, . . . , ds

n

)
, D = D(G) [21]. The ordinary and normalized Laplacian eigen-

values of G are the eigenvalues of L(G) and L(G), respectively.
Let λ1, λ2, . . . , λn be the ordinary Laplacian eigenvalues and µ1, µ2, . . . , µn the

normalized Laplacian eigenvalues of G, arranged in a non-increasing order. Then
λn−1 > λn = 0 and µn−1 > µn = 0. Zhu et al. [10], Gutman and Mohar [11] and
Mohar et al. [22] proved that

Kf(G) = n
n−1∑

k=1

1

λk
,

and discussed the relationship between the Wiener index and the Kirchhhof index.
Recently, Chen and Zhang [16] introduced a quantity Kf ∗(G), which is defined as:

Kf ∗(G) =
∑

i< j

di ri j d j ,

and showed that

Kf ∗(G) = 2m
n−1∑

k=1

1

µk
,

where m is the number of edges of G.

We present in this report several properties of the resistance-distance and the
Kirchhoff index of a connected (molecular) graph, especially those related to its nor-
malized Laplacian eigenvalues.

2 Properties of the resistance-distance and the Kirchhoff index

Let CT denotes the transpose of the vector or matrix C. Let I be the identity matrix
of appropriate dimension. Let z1, z2, . . . , zn be the orthonormal eigenvectors of L(G)

corresponding to µ1, µ2, . . . , µn , respectively. Let Z = (z1, z2, . . . , zn) .
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Lemma 1 [9,16] Let G be a connected (molecular) graph with n ≥ 2 vertices. Then

ri j =
n−1∑

k=1

1

µk

(
zki√

di
− zk j√

d j

)2

where zi = (zi1, zi2, . . . , zin)T for i = 1, 2, . . . , n.

Proposition 2 Let G be a connected (molecular) graph with n ≥ 2 vertices, maximal
vertex degree � and minimal vertex degree δ, and let α be any real number. Then

∑

i< j

dα
i ri j d

α
j ≤

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

�α−1
n∑

i=1
dα

i

n−1∑
k=1

1
µk

if α ≥ 1

δα−1
n∑

i=1
dα

i

n−1∑
k=1

1
µk

if α < 1
(1)

with equality if and only if α = 1 or G is regular.

Proof By Lemma 1, ri j = ∑n − 1
k = 1

1
µk

(
zki√

di
− zk j√

d j

)2

and then

∑

i< j

dα
i ri j d

α
j = 1

2

n∑

i=1

n∑

j=1

dα
i ri j d

α
j =1

2

n∑

i=1

n∑

j=1

⎡

⎣dα
i

n−1∑

k=1

1

µk

(
zki√

di
− zk j√

d j

)2

dα
j

⎤

⎦

= 1

2

n−1∑

k=1

1

µk

×
n∑

i=1

n∑

j=1

(
dα−1

i z2
ki d

α
j + dα

i z2
k j d

α−1
j − 2 · d

α− 1
2

i zki · d
α− 1

2
j zk j

)

= 1

2

n−1∑

k=1

1

µk

⎡

⎣
n∑

j=1

dα
j

n∑

i=1

dα−1
i z2

ki +
n∑

i=1

dα
i

n∑

j=1

dα−1
j z2

k j

−2

(
n∑

i=1

d
α− 1

2
i zki

) ⎛

⎝
n∑

j=1

d
α− 1

2
j zk j

⎞

⎠

⎤

⎦

=
n−1∑

k=1

1

µk

⎡

⎣
n∑

i=1

dα
i

n∑

j=1

dα−1
j z2

k j−
(

n∑

i=1

d
α− 1

2
i zki

)2
⎤

⎦

≤
n−1∑

k=1

1

µk

n∑

i=1

dα
i

n∑

j=1

dα−1
j z2

k j .

Note that
∑n

i = 1 z2
ki = 1. Thus

∑
i< j dα

i ri j dα
j ≤�α−1 ∑n − 1

k = 1
1
µk

∑n
i = 1 dα

i∑n
j = 1 z2

k j = �α−1 ∑n
i = 1 dα

i

∑n−1
k = 1

1
µk

if α ≥ 1, and similarly,
∑

i< j dα
i ri j dα

j ≤
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δα−1 ∑n − 1
k = 1

1
µk

∑n
i = 1 dα

i

∑n
j = 1 z2

k j = δα − 1 ∑n
i = 1 dα

i

∑n − 1
k = 1

1
µk

if α < 1. This

proves (1). Suppose that equality holds in (1). Then
∑n

i = 1 d
α− 1

2
i zki = 0 for k =

1, 2, . . . , n − 1, i.e., ZT
(

d
α− 1

2
1 , d

α− 1
2

2 , . . . , d
α− 1

2
n

)T

= 0. Since Z is an orthogonal

matrix, then

(
d

α− 1
2

1 , d
α− 1

2
2 , . . . , d

α− 1
2

n

)
is a multiple of zT

n =
(

d1/2
1

(2m)1/2 ,
d1/2

2
(2m)1/2 , . . . ,

d1/2
n

(2m)1/2

)
, where m is the number of edges of G. Thus dα−1

1 = dα−1
2 = · · · = dα−1

n ,

which is obviously equivalent to α = 1or G is regular. Conversely, (1) is an equality
if α = 1or G is regular. ��

Setting α = 0 in Proposition 2, we have Kf(G) = ∑
i< j ri j ≤ n

δ

∑n−1
k = 1

1
µk

with
equality if and only if G is regular. This may also be deduced by a connection between
the ordinary Laplacian and normalized Laplacian eigenvalues, which, from the matrix
theory point of view, seems to be known, however, we give a proof here. We need

a result from [23]: ρk = min
x⊥wk+1,...,wn

x 	=0

xT Mx
xT x

and ρk = max
x⊥w1,...,wk−1

x 	=0

xT Mx
xT x

, where

ρ1, ρ2, . . . , ρn are the eigenvalues of the n × n symmetric real matrix M arranged
in non-increasing order, w1, w2, . . . , wn are the orthonormal eigenvectors of M cor-
responding to ρ1, ρ2, . . . , ρn, respectively, x⊥w means xT w = 0 for vectors x and
w, and x may be any nonzero real vector if k = 1 in the second equation. Let tr(B) be
the trace of the square matrix B.

Lemma 3 Let G be a connected (molecular) graph with n ≥ 2 vertices, maximal
vertex degree � and minimal vertex degree δ. Then for k = 1, 2, . . . , n − 1, we have
λk
�

≤ µk ≤ λk
δ

with left (right) equalities for all k = 1, 2, . . . , n − 1 if and only if G
is regular.

Proof Let y1, y2, . . . , yn be the orthonormal eigenvectors of L(G) corresponding
to λ1, λ2, . . . , λn , respectively. Obviously, y1, y2, . . . , yk, D−1/2zk, D−1/2zk+1, . . . ,

D−1/2zn are linearly dependent and then there are real numbers a1, a2, . . . , ak, bk,

bk+1, . . . , bn , not all zero, such that
∑k

i = 1 ai yi + ∑n
j = k

(−b j
) (

D−1/2z j
) = 0, and

then x̃ = ∑k
i = 1 ai yi = D−1/2 ∑n

j = k b j z j 	= 0, D1/2x̃ 	= 0, x̃⊥yk+1, yk+2, . . . , yn

and D1/2x̃⊥z1, z2, . . . , zk−1. Thus

µk = max
x⊥z1,...,zk−1

x 	=0

xT L(G)x
xT x

≥
(
D1/2x̃

)T L(G)(D1/2x̃)
(
D1/2x̃

)T
(D1/2x̃)

= x̃T
[
D1/2L(G)D1/2

]
x̃

x̃T
(
D1/2D1/2

)
x̃

= x̃T L(G)x̃
x̃T Dx̃

≥ x̃T L(G)x̃
�x̃T x̃

≥ 1

�
min

x⊥yk+1, . . . , yn

x 	= 0

xT L(G)x
xT x

= λk

�
.

Similarly, since yk, yk+1, . . . , yn, D−1/2z1, D−1/2z2, . . . , D−1/2zk are linearly
dependent, there are real numbers ck , ck+1, . . . , cn, l1, l2, . . . , lk, not all zero, such that
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x̂ =
n∑

i=k
ci yi = D−1/2

k∑
j=1

l j z j 	= 0, D1/2x̂ 	= 0, x̂⊥y1, y2, . . . , yk−1,

D1/2x̂⊥zk+1, zk+2, . . . , zn , and then

µk = min
x⊥zk+1,...,zn

x 	=0

xT L(G)x
xT x

≤
(
D1/2x̂

)T L(G)(D1/2x̂)

(D1/2x̂)
T
(D1/2x̂)

= x̂T L(G)x̂
x̂T Dx̂

≤ x̂T L(G)x̂
δx̂T x̂

≤ 1
δ

max
x⊥y1,...,yk−1

x 	=0

xT L(G)x
xT x

= λk
δ

.

If G is regular then λk
�

= µk = λk
δ

for any k.Suppose thatµk = λk
�

for all k = 1, 2, . . . ,

n − 1. Then for Y = (y1, y2, . . . , yn) ,we have YT L(G)Y = diag(λ1, λ2, . . . , λn)=
�diag(µ1, µ2, . . . , µn)= �ZT L(G)Z and thus L(G)=�YZT L(G)ZYT , from which

we have
n∑

i=1
di=tr (L(G)) =�tr

(
YZT L(G)ZYT

) =�tr
(
L(G)ZYT YZT

) = � ·
tr (L(G)) = n�, implying that G is regular of degree �. Similarly, if µk = λk

δ
for all k = 1, 2, . . . , n − 1, then G is regular of degree δ. ��
Proposition 4 Let G be a connected (molecular) graph with n ≥ 2 vertices, maximal
vertex degree � and minimal vertex degree δ. Then

n

�

n−1∑

k=1

1

µk
≤ Kf(G) ≤ n

δ

n−1∑

k=1

1

µk
(2)

with either equality if and only if G is regular.

Proof By Lemma 3, 1
�

∑n−1
k=1

1
µk

≤ ∑n−1
k=1

1
λk

≤ 1
δ

∑n−1
k=1

1
µk

, with either equality if
and only if G is regular. Thus (2) follows and either equality in (2) holds if and only
if G is regular. ��

Evidently, (2) may be written as n
2m�

Kf ∗(G) ≤ Kf(G) ≤ n
2mδ

Kf ∗(G), where m

is the number of edges of G. Since n
2mδ

≤ ( n
4m + 1

2δ

)2
, we have the upper bound in

[16]: Kf(G) ≤ ( n
4m + 1

2δ

)2
Kf ∗(G).

The diameter of a connected graph G, diam(G), is the maximum distance between
any two vertices of G. For a connected graph G with n ≥ 2 vertices, since L(G) =
I − D−1/2A(G)D−1/2, the number of distinct normalized Laplacian eigenvalues is
equal to the number of distinct eigenvalues of the matrix D−1/2A(G)D−1/2, which is
at least diam(G) + 1 by straightforward modification of the adjacent argument (Theo-
rem 3.13 in Ref. [24]). Let Ka,b be the complete bipartite graph with two partite sets
having a and b vertices, respectively.

Proposition 5 Let G be a connected (molecular) bipartite graph with n ≥ 2 vertices
and m edges. Then

Kf ∗(G) ≥ (2n − 3)m (3)

with equality if and only if G = Kr,n−r for 1 ≤ r ≤ ⌊ n
2

⌋
.
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Proof It is true for n = 2. Suppose that n ≥ 3. Since G is bipartite, we have µ1 = 2
(see p. 7, [21]). Recall that

∑n−1
i=1 µi = n. By the Cauchy-Schwarz inequality,

n−1∑

i=2

1

µi
≥ (n − 2)2

∑n−1
i=2 µi

= (n − 2)2

n − µ1
= n − 2

and then

Kf∗(G) = 2m

(
1

µ1
+

n−1∑

i=2

1

µi

)
≥ (2n − 3)m

with equality if and only if µ2 = · · · = µn−1 = 1. Thus equality holds in (3) if and
only if 2 < diam(G) + 1 ≤ 3, i.e., diam(G) = 2. So the result follows. ��

By Propositions 4 and 5, we have:

Proposition 6 Let G be a connected (molecular) bipartite graph with n ≥ 2 vertices
and maximum vertex degree �. Then

Kf(G) ≥ n(2n − 3)

2�

with equality if and only if G = K n
2 , n

2
.
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